Analytical expressions are derived for both the * and * resonances in near-edge x-ray-absorption finestructure ͑NEXAFS͒ spectra from diatomic molecules. A simple criterion is formulated for extracting structural parameters ͑e.g., the bond lengths͒ of such molecules from NEXAFS spectra. A universal curve for the positions of resonances is derived from our analytical expressions. The predictions are confirmed by comparisons with computer simulations of NEXAFS spectra for gas-phase N 2 and O 2 molecules.
I. INTRODUCTION
The fine structure found beyond the onset of an absorption edge on an x-ray-absorption spectrum ͑XAS͒ from a sample of condensed matter arises from the effects on the quantum-mechanical transition matrix elements, due to the backscattering from surrounding atoms of ejected atomic core electrons. As such, an XAS is a rich repository of information on the crystallographic and electronic structure in the vicinity of the atom absorbing the x-ray photon. The absorption fine structures are conventionally divided into two distinct regions characterized by their proximities to the absorption edge. The structure found beyond about 50 eV from an absorption edge is termed the extended x-ray-absorption fine structure ͑EXAFS͒, while that closer to the absorption edge is known as the near-edge x-ray-absorption fine structure ͑NEXAFS͒.
This division is not purely arbitrary. Due to its higher energy, the backscattering of an electrons giving rise to EXAFS is well described by the single scattering, or kinematic theory of diffraction. As a result of this simplification, the extraction of structural information from EXAFS spectra is relatively straightforward, and achievable by the standard mathematical device of Fourier transformation. [1] [2] [3] Due to the lower energy of an ejected electron giving rise to NEXAFS, however, a kinematic theory is not adequate to account for the form of the latter spectral modulations. Instead, a proper understanding of NEXAFS spectra is to be found only in the context of the much more complicated multiple-scattering theory. 4 -7 That the effort is worthwhile is evidenced by the wealth of structural information already provided by NEXAFS about surfaces, bulk materials, and even of isolated molecules. 8 In principle, near-edge spectra can yield information on the coordination geometry, molecular orientation, and on the density and symmetry of unoccupied valence electron states. It is also particularly useful for the determination of the structure of surface species, since it can easily be made surface sensitive by detecting either the total secondary electron yield or even the Auger decay rate of the core hole that is created by the resonant excitation from that core level.
The usual strategy for analyzing experimental NEXAFS spectra is to begin by proposing a set of trial atomic structures in the vicinity of the absorbing atoms. Using one of the established multiple-scattering computer codes, the expected spectra from each of these model structures is calculated, in order to find a best fit to the measured spectra. This is often a tedious and time-comsuming procedure. In addition, this process relies on one of the guessed structures being correct. Absent is the kind of direct algorithmic prescription afforded by the more analytic understanding of EXAFS.
The aim of this paper is to propose a more analytical approach to NEXAFS. As a first step in this direction, we restrict our attention to diatomic gas-phase molecules. This is not quite as much of a restriction as might first be thought: there are a large number of homonuclear and heteronuclear molecules of great interest, for example, Co, N 2 , and H 2 . In addition, there are also a large number of ''pseudo'' heteronuclear diatomic molecules, i.e., those molecules that contain hydrogen, and so to first-order treatable as heteronuclear diatomic molecules, since the hydrogen atoms in these molecules scatter electrons only rather weakly. Examples of these include important surface species, such as adsorbed methoxy or methane thiolate groups.
In developing an analytic strategy for analyzing NEXAFS spectra, we first discuss the polarization dependence of the x-ray-absorption rate and derive the required elements of the multiple-scattering matrix . Next, the symmetry restrictions for a simple diatomic molecule are taken into consideration to clarify the structure of multiple-scattering reflection matrix R and free-electron propagators g. Analytical expressions for molecular * and * resonances are then derived both with and without contributions from higher spherical harmonics. Finally, an analytical criterion for predicting the position of NEXAFS peaks is formulated and illustrated using the simple case of nitrogen ͑N 2 ) and oxygen ͑O 2 ) molecules.
II. THEORY OF X-RAY-ABSORPTION RATE

A. General theory
The x-ray-absorption rate can be calculated from the Fermi golden rule for the transition probability per unit time W c () from an initial core state of energy E c , to final states of energy E c ϩ driven by a perturbation ⌬(r) as
where f (E) is the density of final states. In the above expression as well as the ones that follow, we use hartree atomic units, where eϭmϭបϭ1, where e and m are the charge and mass of the electron, and ប is Planck's constant divided by 2. The excitation matrix element is
where ⌿ lm and ⌽ nl Ј m Ј are the wave functions of final and initial ͑core͒ states, respectively. In the dipole approximation, the electromagnetic field's excitation operator is equal to
where the Coulomb gauge "Aϭ0 of a vector potential A is chosen. Using the operator equivalents for the momentum operator p, 9 and applying them within the range of the potential field V(r),
with the x-ray photon frequency ϭE f ϪE i . Thus, for the particular case of K-edge excitation ͑where the initial state's momentum and magnetic quantum numbers are lϭ0, mϭ0) we can represent the matrix element ͑2͒ in the form
Inserting, here, the representation of ⌿ lm ϭR l (r,E)Y lm (,) and "V(r)ϭ(‫ץ‬V/‫ץ‬r)r , we get the result
ϫ ͵ ArY lm * ͑r ͒Y 00 ͑ r ͒d⍀.
͑5͒
Introducing the x-ray polarization vector,
and using the addition theorem for spherical harmonics gives 
͑6͒
Defining the radial part of matrix element as
and making use of the orthonormality condition,
According to Ref. 4 , the transition probability ͑1͒ may be rewritten in the form
where ␦ 1 is a phase shift for the spherical partial wave described by quantum numbers (l,m), and with wave number kϭͱ2E. The scattering path operator ͑with matrix elements lm,l Ј m Ј ) sums all paths that begin and end at the central atom and includes all intermediate multiple-scattering events. Thus, from Eqs. ͑8͒ and ͑9͒, this yields for the adsorption cross section:
͑10͒
B. Linear molecules
This equation may be evaluated analytically for the simple case of a linear molecule. As noted above, this sample class still includes a large number of examples of chemical and physical interest. Since these molecules are characterized by either C ϱv or D ϱh point symmetry, there is no azimuthal angular dependence in the absorption cross section, so that only the mϭmЈ components of the spherical harmonics contribute to the right-hand side of Eq. ͑10͒. where is the angle between the polarization electric-field vector and the z axis pointing along the internuclear axis of the absorbing molecule. For a gas-phase molecule, it is an angularly integrated spectrum that is generally measured, since the molecule rotates freely. This case will be addressed here. It may be easily extended to the case of an oriented molecule adsorbed on a surface. Clearly, in either case, the positions of the resonances will be identical; only the details of the spectra will vary. Since we are primarily interested in the energies of the resonances, this is not a problem. Because
, the observed angularly integrated spectrum is described by the expression
In this case, the matrix element 10,10 with zero angular momentum projection along the z axis represents the resonance, and 11,11 is responsible for the peak.
The scattering path operator is given 4, 5, 10 in terms of the elements
of the atomic scattering matrix t 0 of the central atom, where ␦ l is the corresponding atomic phase shift of angular momentum quantum number l, and the ''out-in'' reflection matrix R lm,l Ј m Ј (E) of the surrounding cluster of atoms:
All complications arising from calculating the operator are due to the inversion of multidimensional matrices. The necessity of one of these inversions is obvious just from the expression ͑13͒. Another follows from the definition of the reflection matrix:
where the two-centered free-electron propagator g lm,l Ј m Ј oi describes the propagation of the electron in a spherical wave representation from the central atom o to atom i. The T matrix is the inverse of the real-space KKR matrix
where t is a matrix constructed from the scattering amplitudes of the atoms constituting the surrounding cluster, and g i j is the propagator from atom i to atom j in the same cluster. Thus,
Only two components of the multiple-scattering matrix, namely, 11,11 and 10,10 are required for the transition rate calculation ͓Eq. ͑11͔͒. This is the first of the key factors allowing the development of an analytical theory for a linear molecule.
A second important simplification may be made in the case of a diatomic molecule. In this case, the cluster of atoms surrounding the absorbing atom contains just the single other atom of the molecule, and hence the intrashell propagators g i j do not exist, since iϭ jϭ1, and therefore,
͑16͒
Substitution of Eq. ͑16͒ into Eq. ͑14͒ yields
͑E͒.
͑17͒
Finally, a third key ingredient, which enables the formulation an analytical expression for the scattering-path operator, are the restrictions imposed on the reflection matrix, R, and g propagators by the linear geometry of the molecule. This effect will be discussed in greater detail in the following section.
Diagonality of the matrices in the subspace of magnetic quantum numbers
The basis functions Y lm in the spherical wave representation referred to the origin of coordinates at the central atom are eigenfunctions of an operator of rotation Ĉ n through an angle ϭ2/n:
This rotation initiates a transformation of the reflection matrix:
That is because, from Eq. ͑17͒, the transformation properties of R matrix, with respect to the first pair of indices (l,m), are the same as for the propagator's matrix g lm, . . . , which transforms in accordance with Eqs. ͑24͒ and ͑26͒ below, like the function Y lm . As for the second pair of indices, the transformation properties are determined by
For a molecule with an n-fold symmetry, the reflection matrix should remain unchanged under the transformation in Eq. ͑18͒. Therefore, the possible range of values m-mЈ is restricted by the condition
The symmetry of point group for a linear molecule can either be D ϱh ͑e.g., CO 2 , N 2 ) or C ϱv ͑e.g., CO͒. As n→ϱ, and for finite values of m and mЈ, the condition expressed in Eq. ͑19͒ may be satisfied only for mϪmЈϭ0. Thus, the reflection matrix is subdiagonal, with respect to the magnetic quantum numbers m:
It is useful to order the components of the reflection matrix, by introducing a collective index N, which has a one-to-one correspondence to the pair of quantum numbers (l,m), according to the rule
͓where the states follow the order ͑0,0͒; (1,Ϫ1); ͑1,0͒; ͑2,Ϫ2͒; ͑2,Ϫ1͒; etc. ͔. In this folded-down notation, the reflection matrix for linear molecules has the structure ͩ R 11 0 R 13 0 .
0 R 22 0 0 .
͑22͒
To clarify the matrix structure of free-electron propagators g, we need the explicit form of these functions:
where h l (1) is the Hankel function, k(ϭͱ2E) the wave number of the propagating electron, r i j is the position vector joining the ith and jth atoms, and
Taking the unit vector r i j in the direction of the chemical bond of the linear molecule to be the z axis, it may be expressed in the spherical coordinates (r,,) as r i j ϭ͑1,0,0͒. Because of this the spherical harmonic Y l Љ ,Ϫm Љ (r i j ) in Eq. ͑23͒ is equal to zero unless mЉϭ0,
͑25͒
Therefore, the g matrix ͑23͒ is diagonal, with respect to magnetic quantum numbers,
Of course, this diagonality arises from the same symmetry imposed restrictions as the diagonality of the reflection matrix ͑20͒. These expressions will be used to calculated the positions of the resonances corresponding to the maxima in the NEXAFS spectrum.
Diatomic molecules: Explicit form for molecular absorption peaks
For the small kinetic energies encountered in the NEXAFS region (E k Ͻ50 eV͒, the atomic scattering amplitudes, t l 0 , ͓Eq. ͑16͔͒, of higher angular momenta would be expected to be small. 11 This implies that only the first two partial (s and p) waves need to be included in the calculation to yield relatively accurate results. The straightforward generalization to higher harmonics is included in an Appendix.
The matrix X, where 
͑29͒
where the reflection matrix ͑22͒ has been used. For the evaluation of the transition rate W(E), see Eq. ͑11b͒, we need to find only two elements of the X matrix, namely:
The first one describes the excitation into a state with symmetrical charge distribution around the z axis ͑an mϭ0 or state͒, while the second expression corresponding to mϭ1 results in excitation into a state.
The variable X 44 is not coupled to other elements of the X matrix and satisfies the equation A more general form of the matrix elements 22 and 33 , including higher angular momentum terms up to 1ϭ2, are included as Appendix A.
s-and p-wave scattering: Analytic form for reflection matrix elements
Expressions for the components of the reflection matrix are given in Appendix B. Consistent with the approach used to derive Eq. ͑33͒, only s-and p-scattering events are taken below into account. In terms of the dimensionless parameter x(ϭk), where is the internuclear separation,
We may represent the expressions ͑33͒ for the -matrix elements in the form where the ⌺ functions are
Together with Eqs. ͑11a͒ or ͑11b͒, these equations constitute analytical expressions for NEXAFS spectra from a diatomic molecule. For practical purposes, often the detailed shape of the entire spectrum may not be required, rather just the positions of the maxima of any resonances. An even simpler criterion for these will be derived in the next section.
III. CRITERION FOR THE POSITIONS OF RESONANCES
The representation of the matrix elements in the form of Eq. ͑38͒ is useful to establish the conditions for the resonances in the NEXAFS spectrum. One should expect that, in the vicinity of the resonance, the corresponding matrix element ͑either 11,11 for resonance or 10,10 for resonance͒ will be large, so that it leads to a peak in the absorption coefficient ͑11b͒, as a function of energy. According to Eq. ͑38͒, this would follow if the real and imaginary parts of both 1Ϫ⌺ or 1Ϫ⌺ are small. Neglecting the rather slow dependence of the atomic phase shifts ␦(k) on k, we may write f ͑ x ͒ϭRe͑ 1Ϫ⌺ ͒, ͑x ͒ϭIm͑ 1Ϫ⌺ ͒ϭϪIm͑ ⌺ ͒. ͑40͒
An estimate of the resonance positions may be obtained by setting
where they are both small. The latter requirement may be stated mathematically as
Since there is no reason to expect that the derivatives of these functions d f /dxϳd/dxϳ will be small in the same region, the range, ⌬x, of the x axis, over which both f and would be expected to be small, may be estimated by
Thus, the error in determining a resonance peak position from the intersection of the functions f and is ⌬x, which is in turn Ӷ1. This is illustrated in Fig. 1 , where the real and imaginary parts of the function 1Ϫ⌺ are plotted for the case of the resonance ͑the position of which is indicated by the asterisk͒ of gas-phase N 2 molecule. Note that the intersection point that occurs in the region of the small energies does not lead to a resonance, since the value of 1Ϫ⌺ is not sufficiently small.
FIG. 1. Real and imaginary parts of the function 1Ϫ⌺
, for the case of gas-phase N 2 molecule. Note the coincidence between the intersection point ͓i.e., the root of Eq. ͑41͔͒ and the position of the resonance, indicated by the asterisk. Only the root corresponding to small values of ͉1Ϫ⌺ ͉Ӷ1 indicates the position of a resonance peak ͑the intersection at small energies occurs at ͉1Ϫ⌺ ͉Ϸ4 and does not correspond to a resonance͒.
IV. COMPARISON OF ANALYTICAL THEORY WITH COMPUTER SIMULATIONS
To illustrate the validity of the analytical expressions for the -matrix elements and also for the criterion ͑41͒ for the position of a resonance, we have calculated the NEXAFS spectrum for the nitrogen and oxygen gas-phase molecules. For these calculations, we have evaluated the atomic scattering amplitudes, using the constant chemical-potential-localdensity approximation ͑CCP-LDA͒ method proposed earlier, 12 and which has been successfully applied 13 to the calculation of the NEXAFS spectra of a number of small gas-phase molecules.
The resulting calculated NEXAFS spectrum of N 2 is shown in Fig. 2 . The solid line represents the result of an exact computer simulation by means of the computer code of Vvedensky, Saldin, and Pendry. 5 The positions of the peaks are in good agreement with the experimental measurements, 14 even without corrections, due to excitedstate core-hole effects, implying that final-state screening effects are not significant for such gas-phase diatomic molecules. As a test, we have calculated the N 2 NEXAFS in the so-called Zϩ1 approximation, where the scattering potential of the excited atom is replaced by that of the next higher element in the Periodic Table ͑O in this case͒. We found a difference only in the absolute energies of the * and * resonances, and not in their separation. As for the absolute energies of, e.g., the 1s to * transition, we found that our frozen-orbital approximation ͑402 eV͒ yielded a much better agreement with experiment ͑401 eV͒ ͑Ref. 15͒, than the Zϩ1 approximation ͑407 eV͒.
The * resonance of a diatomic molecule, such as O 2 or N 2 is, of course, determined by the molecular-orbital splitting of the atomic p orbitals oriented perpendicular to the interatomic axis. This splitting gives rise to an occupied molecular orbital, downshifted relative to the atomic p orbital, and an upshifted unoccupied * resonance, which appears as the first major peak of a K-edge NEXAFS spectrum of such a molecule. This picture is confirmed for N 2 by Fig.  2 , which indicates a * resonance at an electron kinetic energy of 0.38 hartrees, while the corresponding kinetic energy of a purely atomic 1s to 2 p transition was found to be 0.18 hartrees ͑from the energy of the resonance of the atomic p phase shift͒.
The dashed line in Fig. 2 represents the spectrum calculated from the analytical expressions ͑33͒-͑37͒ and those for the elements of the reflection matrix R given in Appendix B, using only two (s and p) spherical harmonics. The small shift in the position of resonance, compared with the computer simulations, is caused by the increasing role of the d wave function at higher energies. If account is taken of d scattering, as well as of s and p scattering, complete coincidence is obtained between results obtained by computer simulation and by those using the analytical expressions derived in Appendix A. The correspondence between the NEXAFS peak positions and the intersection points of the real and imaginary part of the 1Ϫ⌺ function is illustrated in Fig. 3 , for oxygen and nitrogen molecules.
V. POSITIONS OF ANTIBONDING RESONANCES OF HOMONUCLEAR DIATOMIC MOLECULES
A remarkable feature of our analytical expressions ͑33͒-͑39͒ for the scattering-path operators is that they are functions of just the set of atomic phase shifts ͑or atomic t-matrix elements͒ and the dimensionless parameter x(ϭk), where is the internuclear separation. For a homonuclear molecule, since tϭt 0 , the quantities depend only on a single set of t-matrix elements, t l . Also, according to Eq. ͑12͒,
so that, actually, only Ret l is significant, because the imaginary part of t l is determined by the real part:
Thus, using criterion ͑41͒, it is possible to plot a universal curve for the positions of resonances on a graph of x versus the real parts of the atomic t-matrix elements.
A. Universal curve for the * resonances
From the form ͑39͒ of the quantity ⌺ and criterion ͑41͒, it follows that the location of the * resonance depends only on the p-wave atomic scattering amplitude t p . Thus, the universal curve, Fig. 4 , for the positions of the * resonance consists of a plot for x versus Re(t p ). An interesting feature Values, of atomic phase shifts and the mean potential between the atoms, may be calculated using the CCP-LDA method 12 mentioned earlier, or else a self-consistent muffintin calculation. For a homonuclear diatomic molecule, the value of Re(t p ) alone will allow one to read off a unique value of x from Fig. 4 . From this, a determination may be made of the bond length of the molecule from a measured value of the resonance energy, or else the energy of the * resonance for a known bond length. The points on Fig. 4 corresponding to the * resonances of the O 2 and N 2 molecules are marked by asterisks.
B. A universal surface for the * resonances
In the case of the * resonances, the dimensionless quantity, x, is a function of the real parts of both t s and t p ͓as seen from Eq. ͑39͔͒. In this case, therefore, the universal curve of Fig. 4 , must be replaced by a universal surface, as a function of both the s and p atomic scattering amplitudes.
VI. CONCLUSIONS
The theory of NEXAFS is much more complicated than that of EXAFS, due to the need to take account of the full multiple scattering of the ejected core electron in the former case. The key quantity that needs to be evaluated in NEXAFS is the so-called scattering-path operator , which represents the summation of all electron multiple-scattering paths beginning and ending on the atom absorbing the x-ray photon. As is usual in multiple-scattering calculations, the evaluation of usually requires the inversions of fairly large matrices, which are usually performed by computer.
In this paper we show that, at least in the case of diatomic molecules, the matrix inversions may be performed analytically to yield relatively simple explicit expressions for , and hence, for the x-ray-absorption rate, a measurable quantity. Excellent agreement is found between the results of our analytical expressions and standard computer simulations.
Our analytical expressions lead to the discovery of a universal curve for the * resonances of homonuclear diatomic molecules, relating a dimensionless quantity, x, the product of the ejected electron's wave number and the internuclear separation, to the real part of the p angular momentum component of the scattering amplitudes ͑or t matrices͒ of the constituent atoms. In the case of the * resonances a universal surface is found, relating x to the real parts of both the s and p angular momentum components of the atomic t matrices.
The main previous analytical result for NEXAFS resonances is the so-called Natoli rule, which for diatomic molecules, suggests the simple relationship:
for the position of a resonance peak ͑in a scale of wave number k) and the bond length . This was justified by the multiple-scattering theories of Natoli, 15 and Rehr. 7 It is easy to see that our theory is consistent with this rule through the condition ͑41͒, which may be written g(x)ϭ0, where g is some function. Thus, a resonance condition is maintained for variations of k and , which keep xϭkϭconst. The expressions ͑39͒ for the ͚ functions found in this paper allow the analytical evaluation of this constant. 
APPENDIX A
In calculating the matrix elements 22 ϭ 44 and 33 , corresponding to the * and * molecular orbitals ͑reso-nances͒, respectively, we take into consideration d-partial spherical harmonic, as well as s and p waves. For the sake of simplicity, we completely ignore g and f harmonics, since their contribution in the NEXAFS kinetic-energy range is negligibly small. . . Therefore, the set of coupled equations for determining
is given by
The set of equations, which includes the matrix element
is given by In considering the analytical representation for the reflection matrix components R lm,l Ј m Ј ϵR N,N Ј ͓where Nϭl(lϩ1)ϩmϩ1͔ through Eq. ͑17͒, an explicit analytical form of the reexpansion coefficients ͑propagators͒ g oi and g io is required. For diatomic molecules (iϭ1͒, only two matrices should be determined: g oi ϵg(ϩ) and g oi ϵg(Ϫ) . The g(ϩ) matrix describes the electron moving from the central atom to its neighbor and is given by Eq. ͑26͒: Some of the reflection matrix components required for the calculation of x-ray absorption, for diatomic molecules, are given below. Note that they are calculated including harmonics up to lϭ2. The argument is xϭk. R 11,11 ϵR 44 ϭͩ 3h 1
R 10,10 ϵR 33 ϭ"ͱ3h 1
R 00,10 ϵR 13 ϭͱ3h 0
R 00,00 ϵR 11 ϭ"h 0
R 11,21 ϵR 48 ϭR 26 ϭ 9ͱ5
